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Magnetization vector in the reversible region of a highly anisotropic cuprate
superconductor: anisotropy factor and the role of 2D vortex fluctuations
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Universidade de Santiago de Compostela, E-15782 Santiago de Compostela, Spain
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By using a high quality Tl2Ba2Ca2Cu3O10 (Tl-2223) single crystal as an example, the magne-
tization vector was probed in the reversible region of highly anisotropic cuprate superconductors.
For that, we have measured its components along and transverse to the applied magnetic field for
different crystal orientations. The analysis shows that the angular dependence of the perpendicular
component of the magnetization vector follows the one predicted by a London-like approach which
includes a contribution associated with the thermal fluctuations of the 2D vortex positions. For the
Tl-2223 crystal studied here, a lower bound for the anisotropy factor was estimated to be about 190.
PACS numbers: 74.25.Ha,74.40.-n,74.72.-h
I. INTRODUCTION
Due to their weakly coupled layered structure, most of
the high-Tc cuprate superconductors (HTSC) are highly
anisotropic, a feature which affects many of the most
important properties of these materials, including their
response to magnetic and electric fields.1 The central pa-
rameter when describing this anisotropic behaviour is the
so-called anisotropy factor, γ, which may be defined as
γ = (m∗c/m
∗
ab)
1/2, wherem∗ab andm
∗
c are the effective su-
percarrier masses for currents flowing in the ab (CuO2)
layers and, respectively, along the c axis.1 Particularly
useful in describing the phenomenology of the HTSC are
the relationships between γ and the two dimensionless
scales defined by the ratio between the superconducting
layers periodicity length, s, and the two superconduct-
ing characteristic lengths, the coherence length in the ab
planes, ξab, and the penetration length for a magnetic
field applied perpendicularly to these planes, λab.
1,2 On
the one side, ξab/s represents the anisotropy above which
the material behaves as a stack of Josephson-coupled su-
perconducting layers, and a Lawrence-Doniach (LD) de-
scription may be required.3 On the other, γ > λab/s is
the threshold for two-dimensional (2D) effects to appear
in the vortex structure: for instance, a kinked vortex
lattice,4,5 a decoupled set of vortex lattices parallel and
perpendicular to the ab layers,6,7 or the vortex lock-in
onto the ab layers direction,8–13 may appear in tilted
crystals when tan θ >∼ γ, where θ is the angle between
the applied magnetic field and the crystal’s c axis. The
interest of a precise knowledge of the anisotropy factors
of the HTSC is also enhanced by the present debate on
the nature of the Meissner transition in these cuprate su-
perconductors, mainly in the subdoped regime, and on
the applicability of the different Ginzburg-Landau like
approaches to describe at a phenomenological level their
behavior.14,15
In spite of its relevance, the anisotropy factors of some
of the most important HTSC families, mainly in the
case of the most anisotropic ones based in Bi, Tl, or
Hg, are still not well settled, the dispersion in the dif-
ferent proposed values being very large. For instance,
in the case of Tl-2223 γ values as low as 2.8 and up
to 900 were proposed.11,16,17 One reason for such a dis-
persion lies in the samples’ structural and stoichiometric
quality: for instance, a ∆α ∼ 1◦ mosaic spread would
strongly affect the determination of the anisotropy fac-
tor if it is larger than γ ∼ 1/ tan∆α ∼ 50. Also,
γ may be strongly dependent on the doping level, and
doping-level variations from sample to sample may lead
to large differences in the observed γ value. Another rea-
son lies in the procedures currently used to determine
γ. For instance measurements of the ratio between the
longitudinal and transverse magnetizations or resistivi-
ties require aligning the crystal with magnetic or elec-
tric fields with accuracies of the order of 1/ arctan(γ−1),
i.e., close to ∼ 0.5◦ when γ = 100. These difficulties
associated with the crystal alignment may be overcome
by measuring the θ dependence of the magnetic torque
per unit volume, ~τ = µ0 ~M × ~H , in the reversible mixed
state: The 3D anisotropic Ginzburg-Landau approach
(3D-aGL) predicts a strong dependence of τ on γ mainly
close to θ = π/2.18–20 Therefore, a fine angular sam-
pling around this θ value will in principle suffice for a
precise γ determination. However, ~τ presents a contri-
bution from the components of the magnetization in the
directions parallel, M‖, and perpendicular, M⊥, to the
ab-layers, |~τ | = µ0H(M⊥ sin θ −M‖ cos θ), and this last
component may be strongly affected, mainly in highly
anisotropic superconductors, by thermal fluctuations of
the 2D vortices (pancakes).21,22 This could limit the ap-
plicability of the 3D-aGL approach to extract γ from
these measurements.23
In this paper, we present measurements of the angu-
lar dependence of the magnetization vector, ~M , in the
reversible mixed state in a high quality single crystal
of the strongly anisotropic Tl2Ba2Ca2Cu3O10 (Tl-2223).
For that, we measured simultaneously the longitudinal,
ML and the transverse, MT , magnetization components
relative to the applied magnetic field. This procedure
allows to overcome the difficulties stressed above: these
data provides a stringent check of the applicability of the
23D-aGL theory, which predicts that the ratio MT /ML
depends only on γ and θ.24 In addition, one may obtain
the perpendicular and parallel components of ~M (M⊥
and M‖) and then to check the relevance of the super-
conducting fluctuation effects on M⊥. Let us note al-
ready here that until now only very few works include
simultaneous measurements of ML and MT in the re-
versible mixed state, and they correspond to samples
with a relatively moderate anisotropy.25–27 The analyses
of our present data shows that the angular dependence
of M⊥ follows the one predicted by a London approach
for layered superconductors which includes the contribu-
tion of the pancakes fluctuations. The breakdown of this
approach observed when θ is only 0.3◦ away from π/2 is
attributed to the mosaic spread present in the sample,
and allowed to estimate a lower bound for the anisotropy
factor of Tl-2223 as high as ∼190.
II. EXPERIMENTAL DETAILS AND RESULTS
The Tl-2223 sample used in this work is a plate-like
single crystal (1.1×0.75×0.226mm3) with the c crystallo-
graphic axis perpendicular to the largest face. Details of
its growth procedure and characterization by Maignan et
al. may be found in Ref. 17. It is the same crystal used in
the magnetization measurements with H ⊥ c presented
in Ref. 28, which presents a sharp low-field diamagnetic
transition (Tc = 122±1 K) and a large Meissner fraction
(∼80%). Of a great importance for the present work is
the excellent alignment of the crystal c-axis: the rocking
curves of (00ℓ) reflections (inset in Fig. 1) may be fitted
to a Lorentz distribution of only ∼ 0.08◦ wide (FWHM),
which will allow to study the angular dependence of the
magnetization vector in almost the entire angular range.
The magnetization measurements were performed with
a commercial SQUID magnetometer (Quantum Design,
model MPMS), equipped with detectors for the compo-
nents of the magnetic moment along (mL) and transverse
(mT ) to the applied magnetic field. The sample was
glued with a minute of GE varnish to a rotating sam-
ple holder (also from Quantum Design) which allowed
rotations about the L and T axes. In both cases, the
orientation may be specified within 0.1◦, with a repro-
ducibility of ±0.5◦ about the L axis and ±1◦ about the
T axis.
The θ dependence ofmL andmT was measured at con-
stant temperatures below Tc (100 K and 110 K) under
a 1 T magnetic field. These values were chosen because
they are well inside the reversible region of the H − T
phase diagram even for θ = 90◦, and in the low mag-
netic field regime [H ≪ Hc2(θ)] even for θ = 0
◦, both
facts allowing an easy comparison with the theory (see
below). The resulting longitudinal and transverse mag-
netizations (ML,T = ρmL,T /M , where M = 1.3 mg is
the crystal mass and ρ = 6.96 g/cm3 is the theoreti-
cal density) are presented in Fig. 1, where the choice
for the (L,T ) and (⊥,‖) frames is also shown. ML in
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FIG. 1. (Color online) Angular dependence of the transverse
(a) and longitudinal (b) components of the magnetization
vector. The diagram shows the crystal orientation with re-
spect to the longitudinal-transverse (L, T ) frame and to the
perpendicular-parallel (⊥, ‖) frame (the crystal c axis is along
the ⊥ axis). Lower inset: rocking curves of the (0014) and
(0016) reflections. They reveal the presence of a c-axis mosaic
spread following a Lorentz distribution of only ∼0.08◦ wide
(FWHM).
that figure is already corrected for a small contribution
to the magnetic moment coming mainly from the sample
holder. This contribution (of about −7× 10−8 Am2, and
θ-independent within ∼ 3%) was determined at a temper-
ature well above Tc (200 K) where the effect of supercon-
ducting fluctuations is negligible, but taking into account
that it presents a slight temperature dependence (about
-5×10−11 Am2 per K). The uncertainty in the corrected
ML at 110 K is estimated to be less than ±10%.
As expected, for θ = 0◦ or θ = 90◦ MT vanishes. This
discards the presence of any spurious contribution to the
measured MT coming from the longitudinal component,
ML. For an arbitrary θ value MT it is not null be-
cause of the crystal anisotropy. In view of the large |MT |
values (for |θ − 90◦| <∼ 30
◦ it is even larger than |ML|)
it may be already inferred that the crystal is strongly
anisotropic. Close to θ = 90◦, ML ≈ 0 and |MT | presents
a sharp peak which was not observed in the pioneering
magnetization vector experiments by Tuominen et al. in
Bi2Sr2CaCu2O8 (Bi-2212),
25 for which an anisotropy fac-
tor of γ = 16.7 was obtained. As we will see below, this
already suggests that the anisotropy factor in Tl-2223
must be much larger than this value.
3III. DATA ANALYSIS
In the framework of the 3D-aGL theory, in the London
region [i.e., for Hc1(θ) ≪ H ≪ Hc2(θ), where Hc1 and
Hc2 are the lower and upper critical fields, respectively],
ML and MT are given by
24
ML = −M0ε(θ) ln
[
ηH⊥c2
Hε(θ)
]
(1)
and
MT = M0(1 − γ
−2)
cos θ sin θ
ε(θ)
ln
[
ηH⊥c2
Hε(θ)
]
. (2)
Here H⊥c2 ≡ Hc2(θ = 0), M0 ≡ φ0/8πµ0λ
2
ab, ε(θ) =
(cos2 θ + sin2 θ/γ2)1/2, η a constant about the unity re-
lated to the vortex lattice structure, φo the magnetic flux
quantum, and µ0 the magnetic permeability. It has been
early noted24 that the ratio MT/ML is only dependent
on θ and γ:
MT
ML
= (1− γ2)
sin θ cos θ
sin2 θ + γ2 cos2 θ
. (3)
This fact has been used in previous works to determine
the anisotropy factor from simultaneous measurements
of ML(θ) and MT (θ).
25–27 In Fig. 2(a) we present the
θ dependence of MT /ML, as results from the data in
Fig. 1. For comparison we have also included the data
from Ref. 25 for Bi-2212, which is also highly anisotropic.
The lines in this figure correspond to Eq. (3), evaluated
with several γ values. In the case of Bi-2212, as shown
in Ref. 25, γ = 16.7 leads to a good agreement in the
whole θ range. In the case of Tl-2223 the agreement is
very good for |θ−90◦| >∼ 5
◦, independently of the γ value
used above ∼ 30. However, as shown in Fig. 2(b), closer
to θ = 90◦ where the theoretical MT /ML is strongly de-
pendent on γ, the disagreement is very important: by
using γ = 30, the amplitude of the peak observed close
to θ = 90◦ is underestimated. On the contrary, if a larger
value is used, i.e., γ = 50, the peak amplitude is repro-
duced but the fit to the data for |θ − 90◦| <∼ 5
◦ is poor.
Such a disagreement is not significantly improved by us-
ing a generalization of the 3D-aGL approach to quasi-2D
layered superconductors proposed by Hao29. This author
suggested that the θ dependence of the upper critical field
may be parametrized by
[
Hc2(θ) cos θ
H⊥c2
]n
+
[
Hc2(θ) sin θ
H
‖
c2
]2
= 1, (4)
with 1 ≤ n ≤ 2. If n = 2, the above equation reduces to
the result of the effective mass model Hc2(θ) = H
⊥
c2/ε(θ),
while if n = 1 it leads to the result of Tinkham for a thin
film. In the framework of this model it is found
MT
ML
=
2gn−2θ cos θ sin θ − nγ
2 cosn−1 θ sin θ
nγ2 cosn θ + 2gn−2θ sin
2 θ
, (5)
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FIG. 2. (Color online) (a) Angular dependence of theMT /ML
ratio (data taken at 100 K are completely overlapped by the
ones taken at 110 K). For comparison, data from a Bi-2212
crystal taken from Ref. 25 are also included. The lines corre-
spond to Eq. (3) evaluated with different γ values. (b) Detail
around θ = 90◦. (c) Comparison of the data around θ = 90◦
with the generalization of the 3D-aGL approach to quasi-2D
superconductors developed in Ref. 29 [Eq. (5)]. In all figures,
the vertical lines are the experimental error bars.
where gθ ≡ H
⊥
c2/Hc2(θ) as results from Eq. (4). A
comparison of Eq. (5) (evaluated in the extreme case
that n = 1) with the experimental data is presented in
Fig. 2(c). As may be clearly seen, for γ values in the
range 30−50 Eq. (5) reproduced the qualitative features
of MT/ML around θ = 90
◦ but, again, a quantitative
agreement occurs only ∼ 5◦ away from θ = 90◦.
Among the possible causes for the observed discrep-
ancies are: i) from the experimental point of view, the
analysis of MT /ML for θ ∼ 90
◦ in highly anisotropic ma-
terials is complicated by the fact that ML(90
◦) ∝ γ−1,
which tends to zero for large γ values. In this way, the
experimental uncertainty affecting ML (mainly coming
from the sample holder contribution) makes the region
close to 90◦ experimentally unaccessible (note the large
experimental bars in the MT /ML data points close to
θ = 90◦). ii) From the theoretical point of view, the
4effect of thermal fluctuations on the 2D vortices posi-
tions was not taken into account on deriving Eqs. (3)
and (5).21 However, it was later shown that these fluctu-
ations may be very important for temperatures close to
Tc when H ⊥ ab.
22 In particular, they give rise to the
so-called crossing point in which the magnetization at a
temperature few Kelvin below Tc is independent of the
applied magnetic field.30 While fluctuations of pancake
vortices are reasonably well established, there is no ex-
perimental evidence or theoretical basis for correspond-
ing positional fluctuations of Josephson vortices in the
case with H ‖ ab; consequently, it is not expected that
the ratio MT /ML should follow Eq. (3) or its generaliza-
tion, Eq. (5).
An alternative way of analyzingML(θ) andMT (θ) con-
sist of obtaining the ~M components in the directions per-
pendicular M⊥ and parallel M‖ to the ab layers through
the linear transformation(
M⊥
M‖
)
=
(
cos θ − sin θ
sin θ cos θ
)(
ML
MT
)
. (6)
The result is presented in Fig. 3. As expected, a first
advantage of this procedure is that in the vicinity of
θ = 90◦, M⊥ is much less affected than MT /ML by the
experimental uncertainties in ML. In addition, the data
for M⊥ may be directly compared with the Bulaevskii,
Ledvig and Kogan (BLK) expression which takes into
account the above mentioned thermal fluctuations of 2D
vortices,21
MBLK⊥ = −M0 ln
(
ηH⊥c2
H
)
+M1 ln
(
M1
M0c1
ηH⊥c2
H
)
,(7)
where M1 = kBT/φ0s, and c1 is a constant of the or-
der of the unity. The first term corresponds to the con-
ventional London contribution, and the second is the
one due to thermal fluctuations. As Eq. (7) follows
from the Lawrence-Doniach model, the scaling trans-
formation relating the properties of an arbitrarily ori-
ented 3D anisotropic superconductor with the ones in a
isotropic superconductor,19,31,32 cannot be used to obtain
the θ dependence of MBLK⊥ . However, for an extremely
anisotropic compound one may assume that the perpen-
dicular component of the magnetization is only depen-
dent on the perpendicular component of the magnetic
field, and approximate
MBLK⊥ (T,H, θ) ≈ ±M
BLK
⊥ (T,H | cos θ|, 0), (8)
where the + sign applies to 0 ≤ θ < 90◦ and the − to
90◦ < θ ≤ 180◦. The angular dependence of MBLK⊥ may
be then expressed as
MBLK⊥ (θ) = ±M
BLK
⊥ (0)± (M0 −M1) ln | cos θ|, (9)
with the same convention for the signs. MBLK⊥ (0) may be
determined directly from the data in Fig. 3. Also, from
Eq. (7) it follows that M0 −M1 = dM
BLK
⊥ (H, 0)/d lnH .
This last quantity has been determined in detail in the
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FIG. 3. (Color online) Angular dependence of the perpen-
dicular and parallel components of the magnetization vector.
The lines correspond to Eq. (9) evaluated with the Tl-2223 pa-
rameters obtained in Ref. 28 from M⊥(T,H) measurements
with H ⊥ ab (solid lines). Inset: detail around θ = 90◦.
The dashed line in the 110 K measurement corresponds to
Eq. (10), which takes into account the presence of a narrow
c-axis mosaic spread (see main text for details).
same crystal28 and, as predicted by Eq. (7), it is a con-
stant for each temperature provided that the sample is in
the low field region, H ≪ H⊥c2(T ). We have from Ref. 28
that M0 −M1 = 831 A/m at T=100 K and 412 A/m
at T=110 K. This allows to compare Eq. (9) with the
experimental data without free parameters. As shown in
Fig. 3, the agreement is excellent in almost the whole
angular range,33 up to |θ − 90◦| ≤ α0 ≈ 0.3
◦. A possi-
ble cause for the disagreement closer to θ = 90◦ remains
in the slight mosaic spread present in the sample. To
confirm this, we roughly estimated the effective perpen-
dicular magnetization through the angular average
〈MBLK⊥ (θ)〉 =
∫ pi/2
−pi/2
δ(α)MBLK⊥ (θ − α) cosα dα, (10)
where δ(α) is the volume distribution of domains with the
c axis tilted an angle α with respect to the average c axis,
which may be approximated by a Lorentzian distribution
with 0.08◦ FWHM (see above). As it is shown in inset
of Fig. 3, Eq. (10) (dashed line) accounts for the M⊥(θ)
rounding observed when |θ− 90◦| ≤ α0. The possible 2D
effects on the vortex lattice, which are expected to occur
when tan θ > γ, may be hidden by such a rounding,
making difficult a precise determination of γ. However,
a lower bound may be estimated from the onset of the
M⊥(θ) rounding, leading to a value as high as γmin ≈
tan(90◦ − α0) ≈ 190.
Let us finally mention that the London approach alone
(without the term associated to vortex fluctuations) leads
5to an angular dependence for M⊥ similar to the one
of Eq. (9). This, together with the fact that in highly
anisotropic compoundsM‖ ≈ 0, explains why the angular
dependence of the magnetic torque may be successfully
described in a wide θ-region by the London approach,
without taking into account the contribution of vortex
fluctuations. However, as early shown in Ref. 22 (and
in Ref. 28 for Tl-2223), the application of the London
theory to highly anisotropic HTSC leads to unphysical
values for the superconducting parameters, mainly close
to the so-called crossing point temperature where M⊥ is
independent of the applied magnetic field.
IV. SUMMARY
The magnetization vector of a highly
anisotropic cuprate superconductor, a high quality
Tl2Ba2Ca2Cu3O10 single crystal, has been studied in
the reversible region of the H-T phase diagram. For
that, we have measured simultaneously the angular de-
pendence of its longitudinal (ML) and transverse (MT )
components in the London region. Then, these data have
been compared with the 3D-aGL theory, in particular
through the relationship MT /ML(θ), which on the
grounds of this approach depends only on the anisotropy
factor. This procedure, which was successfully used in
the literature to probe the applicability of the 3D-aGL
approach and to obtain γ in moderately anisotropic
samples, was shown to be inappropriate in the present
case: on the one side, there is a large experimental
uncertainty associated to the vanishing of ML when
θ → 90◦ due to the high anisotropy of Tl-2223. On the
other, ML and MT may be affected in a different way by
thermal fluctuations of 2D vortices (which were shown
to affect strongly the magnetization perpendicular to the
ab layers) thus limiting the applicability of the 3D-aGL
approach. As an alternative, we transformed ML and
MT into the components perpendicular (M⊥) and
parallel (M‖) to the ab layers. The analysis of M⊥(θ) in
terms of the BLK model which takes into account the
above mentioned fluctuation effects, leads to an excellent
agreement in the whole θ range, except in a narrow
interval (0.6◦ wide) around θ = 90◦. This breakdown
was correlated with the mosaic spread present in the
sample, and set a lower bound for the anisotropy factor
in this compound of γ ≈ 190.
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